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LECTURE 3

Green’s and Stokes’ theorems

31.1 Orientation of non-parametric surfaces

Remark that each of the equations

z—gx,y)=0, y—-gx,2)=0, x-g,2=0

has the form G(x, y, z) = 0 and hence can be viewed as a level surface of the function
G(x,y, 2).
Since gradient of G is normal to the level surface, it follows that the unit normal n

is either
VG VG

— o ———.
VG VG
VG

Thus in all three casesn = ——.
VG|

Theorem 31.1. Let o be a smooth surface of the form z = g(x,y), y = g(z,x), or x =
g(y, z), and suppose that the component functions of the vector field F are continuous
on o. Suppose also that the equation for o is rewritten as G(x, y,z) = 0 by taking g to
the left side of the equation, and let R be the projection of o on the coordinate plane
determined by the independent variables of g. If o has positive orientation, then

q)szF-ndS:ffF-VGdA.
o R
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Figure 31.1: Surface area.

If z = g(x, y), then we have G(x, yz) = z— g(x, ), so

and taking R to be the projection of the surface z = g(x, y) on the xy—plane yields

[ nas= [[ p-(-250- % i)

if o is oriented up and

fandS ff (—l+—] ic)dA

Example 31.1. Let o be the portion of the surface z = 1 — x*> — y? that lies above the
xy—plane and suppose that o is oriented up. Find the flux of the vector field F(x,y) =
xi+y]j+zk acrosso.

if o is oriented down.

Solution.

(S
I

dg. 0g. -
fandS ff (——gz——j+k)dA
ox 0y

f (xi+yj+zk)-Qxi+2yj+k)dA
R

21 1
f (x2+y2+1)dA:/ /(r2+1)rdrd6
R 0 0
27
[ oot
o \4 2
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31.2 Green’s theorem for line integals

Theorem 31.2 (Green’s).

Let R be a simply connected plane region whose boundary is a simple, closed, piecewise
smooth curve C oriented counterclockwise. If f(x,y) and g(x,y) are continuous and
have continuous first partial derivatives on some open set containing R, then

_ dg Of)
/Cf(x,y)dx+g(x,y)dy—ff(ax 3y

Thus, we have the following three formulae that express the area A of a region R
in terms of line integrals around the boundary:

1
:ygxdy:—ygydx:—gg—ydx+xdy
C c 2 Jc

where by an integral sign with a superimposed circle we denote a line integral around
a simple closed curve.

Example 31.2. Using Green's theorem to evaluate / x*ydx+xdy along the triangular
C
path shown in Figure 31.2

(1,2)

Y

|

Figure 31.2: Triangular path.

Solution. Since f(x,y) = x2 y and g(x, y) = x, it follows from Green’s theorem that

2x
dA= // (1-x¥dydx

—(x)——(x )

/(2x 2x%)dx=|x

/xzydx+xdy
c
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Example 31.3. Use a line integral to find the area enclosed by the ellipse

x2 y2

Tyl =1
a?  b?

Solution. The ellipse, with counterclockwise orientation, can be represented para-
metrically by

x=acost, y=bhbsint (0=<t<2m).

If we denote this curve by C, then the area A enclosed by the ellipse is

1
A —%—yd;ﬁxdy
2Jc

27
= %/ [(=bsin?)(—asin?) + (acost)(beost)|dt
0

1 27 1 27
= —ab/ (sin21‘+cos2 nNdt = —ab/ dt=mab.
2 0 2 0

31.2.1 Green’s function for piecewise smooth regions

We consider a multiply connected region R and divide it into two regions R’ and R".
Suppose f(x,y) and g(x,y) have continuous first order partial derivatives on some
region containing R and satisfy the hypothesis of Green’s theorem. Then,

JLGE-5)en = LG5 ene [l (G55

%f(x,y)dx+g(x,y)dy+y§ f,ydx+gx ydy.
AR’ AR"

where AR’ and dR" denote the boundaries of the regions R’ and R” respectively.

& G

G5

Figure 31.3: Piecewise smooth regions.
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31.3 Stokes’ theorem

Definition 31.3 (Divergence and Curl).
IfF(x,y,2) = f(x,y, z)f +g(x,¥,2) f + h(x,y,2) lAc, then we define the divergence of F,
written+F, to be the function given by

divF:V-F:g—ic+g—§+g—Z
We define the curl of F, written curlF, to be the vector field given by
"
. . . 0 94 0
curleVxF:(%—g—i)i+(g—%)j+(g—i—%)k: Py @ e
f g h

Theorem 31.4 (Stokes’). Let o be a piecewise smooth oriented surface that is bounded
by a simple, closed, piecewise smooth curve C with positive orientation. If the compo-
nents of the vector field F(x, y,z) = f(x,y,2)i + g(x,y,2) ] + h(x, y, 2)k, are continuous
and have continuous first partial derivatives on some open set containing o, and if T is
the unit tangent vector to C, then

%F-Tds:ff (curlF) -ndS.
C g

gt/
O

Ay

C/UC
4

4

2

C

The oriented surface o is The positive direction of C The negative direction of C
bounded by the simple closed relative to the orientation of o. relative to the orientation of o.
curve C.

Figure 31.4: Orientations of the surfaces.

Remark 31.5. Stokes’ theorem states that: The line integral around the boundary curve

of o of the tangential component of F is equal to the surface integral of the normal
component of the curl of F.

Example 31.4. Evaluate / F-dr where
C

F(x,y,2) = —y%i + x] + 2%k

and C is the curve of intersection of the plane y + z = 2 and the cylinder x*> + y* = 1.
(Orientation of C to be counterclockwise when viewed from above.)
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Figure 31.5: Curve of intersection of the plane y + z = 2 and the cylinder x> + y* = 1.

Solution. The integral can be evaluated directly. However, it’s easier to use Stokes’
Theorem. First we compute curl of F.

~

i

| =

curlF=| — =1 +2y)k.

J
9
ox Oy
X

>
LIS

If we orient S upward, C has the induced positive orientation. The projection D

of S on the xy—plane is the disk x> + y* < 1.
Letz=g(x,y) =2-y, then

/F-dr ffcurleSsz (1-2y)dA
C N D
21 1 21
/ / (1+2rsinf) rdrd@z/
o Jo 0
2ty 2 1
/ —+—sin8)d9=—(2n)+0=n.
o \2 3 2

In general, if 0; and o, are oriented surfaces with the same oriented boundary
curve C and both satisfy the hypotheses of Stokes’ theorem, then

ff curlF-dS:/F-dr:ff curlF-dsS.
[o81 C (o)

This fact is useful when it is difficult to integrate over one surface but easy to integrate

2 3
— +2—sinf
3

ao

O

over the other.

31.3.1 Relationship between Green’s and Stokes’ theorems

We can express a vector field

F(x,y) = f(x,))i+g(x,)]
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in 2D as a vector field in 3D by
F(x,y) = f(x, )i +g(x,1)]+0k

If R is aregion in the xy—plane enclosed by a simple, closed, piecewise smooth curve
C, then we can treat R as a flat surface, and we treat a surface integral over R as an or-
dinary double integral over R. Thus, if we orient C up and C counterclockwise looking
down the positive z—axis, then

%F-dr:ff curlF- kdA.
C o

Since % _ % = 0. Therefore,
0z 0z
i ]k
o 0 dg. Of . (ag 6f)A (Og af)A
po| 202 2|98, 975 (98 O |p_(98_ 9
W1 %% dy 0z |T oz T az! T\ax Tay) T \ox oy
f g 0

Substituting this expression in previous equation and expressing the integrals in terms
of components yields

(6— - —) kdA
R X

Hence, we conclude that Green’s theorem is a special case of Stokes’ theorem and can
be regarded as a higher-dimensional version of Green’s Theorem.

Green'’s Theorem relates a double integral over a plane region D to a line integral
around its plane boundary curve while Stokes’ theorem relates a surface integral over
a surface o to a line integral around the boundary curve of S (a space curve).
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